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We show that the recursion operators of the integrable lattice equations usually considered
in the literature can also be used to generate hierarchies of differential-delay equations.
All members of these hierarchies of lattice and differential-delay equations commute. It
is thus seen that differential-delay hierarchies provide a broader context within which to
place lattice hierarchies.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In the theory of integrable systems, whether continuous or discrete, the concept of hierarchies of commuting ﬂows is by
now well understood; see e.g. [1–9]. In this brief paper we extend these ideas in the case of lattice hierarchies. We show
that the recursion operators of such hierarchies can also be used to generate hierarchies of differential-delay equations. This
then leads to a new interpretation of lattice hierarchies, although one which is in fact quite natural when comparison is
made with the continuous case. It is indeed the continuous case that motivates our work here. We consider autonomous
equations in three independent continuous variables (x, y and a time variable), this being motivated by our recent interest
in hierarchies of evolution equations associated to non-isospectral scattering problems, both in the continuous [10–14] and
lattice [15–18] cases. We incorporate lattice (and differential-delay) equations into this structure by allowing shifts on x.
In the remainder of this section we recall some deﬁnitions, presented simultaneously for the continuous and lattice
cases. In Section 2 we present our new results.
Let A denote the algebra of smooth functions of either:
(a) the variables ui(x, y, t), i = 1, . . . ,N , and a ﬁnite number of their derivatives with respect to x, ui, jx(x, y, t) =
∂
j
x ui(x, y, t), j ∈ N; or
(b) the variables ui(x, y, t), i = 1, . . . ,N , and a ﬁnite number of their x-shifts, ui(x+m, y, t) = Emui(x, y, t), m ∈ Z,
where ∂x and E denote the partial derivative operator w.r.t. x (we will also use ∂y for the partial derivative operator
w.r.t. y) and the shift operator on x, respectively. Let K[u] denote an N-vector with entries in this algebra; we will also use
the notation u = (u1, . . . ,uN )T . We then consider the evolution equation
ut = K[u], (1)
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P.R. Gordoa et al. / J. Math. Anal. Appl. 356 (2009) 378–381 379this being respectively: (a) a partial differential equation (PDE); or, (b) a lattice equation. We refer below to the continuous
and lattice cases as cases (a) and (b).
Deﬁnition 1.1 (Generalized symmetry). A generalized symmetry of the evolution equation (1) is a solution v = (v1, . . . , vN )T =
L[u] of the linearized equation
vt = K′[u]v, modulo ut = K[u]. (2)
Here K′[u] is the Fréchet derivative of K[u], whose action on v is given by
K′[u]v =
(
d
dε
K[u+ εv]
)∣∣∣∣
ε=0
. (3)
Given a generalized symmetry v = L[u] of Eq. (1), the two ﬂows
ut = K[u], uτ = L[u] (4)
commute, i.e. utτ = uτ t .
Deﬁnition 1.2 (Recursion operator). Let R[u] be an operator with coeﬃcients in A. If R[u] satisﬁes the equation
Rt[u] =
[
K′[u], R[u]], modulo ut = K[u], (5)
where [ , ] is the usual commutator, then it is a recursion operator for Eq. (1).
A recursion operator R[u] for Eq. (1) maps generalized symmetries of (1) into generalized symmetries of (1). Thus, given
a generalized symmetry v = L[u] of (1), each of the ﬂows
uτi = Ri[u]L[u], i = 0,1,2,3, . . . (6)
commutes with ut = K[u].
Deﬁnition 1.3 (Hereditary operator). An operator R[u] with coeﬃcients in A is said to be hereditary if
R′[u]{R[u]v}w− R[u]R′[u]{v}w (7)
is symmetric in v and w. Here R′[u] denotes the Fréchet derivative of the operator R[u], whose action on v, applied to w,
i.e. R′[u]{v}w, is deﬁned by
R′[u]{v}w =
(
d
dε
R[u+ εv]w
)∣∣∣∣
ε=0
. (8)
The deﬁnition of hereditary operator does not depend on any particular equation.
If the hereditary operator R[u] is a recursion operator for the evolution equation (1), then it is also a recursion operator
for each member of the sequence
uti = Ri[u]K[u], i = 0,1,2,3, . . . . (9)
We recall also that in both cases (a) and (b) we have the trivial generalized symmetry v = K[u], and in case (a) addition-
ally the trivial generalized symmetry v = ux and the result that for K[u] = ux , (5) is trivially satisﬁed for any R[u].
2. Integrable differential-delay hierarchies
Given a hereditary operator R[u], the results cited in the previous section are usually used to obtain the following
results:
(A) In both cases (a) and (b), if R[u] is a recursion operator for Eq. (1), that the sequence (9) is a sequence of mutually
commuting ﬂows.
(B) In the PDE case (a), that the sequence
uτi = Ri[u]ux, i = 0,1,2,3, . . . (10)
is a sequence of mutually commuting ﬂows.
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commute.
It often happens that, in the PDE case (a), the two sequences of ﬂows (9) and (10) coincide (e.g. the Korteweg–
de Vries hierarchy [1], which is scalar (N = 1), and with u1 = u has R = [∂3x + 2(u∂x + ∂xu)]∂−1x and ut0 = K [u] =
(uxx + 3u2)x = uτ1 ), although there are also many examples where this is not so (e.g. the Boussinesq hierarchy; see dis-
cussion following Remark 2.2), and there may in fact be more than one sequence different from (10). It is clear from the
above that the difference between the PDE case (a) and the lattice case (b) is the apparent absence in the latter of a trivial
generalized symmetry to play the role that v = ux plays in the former. However, assuming x to be continuous, it turns out
that we can take v = ux as a trivial generalized symmetry even in the lattice case (b). It is this observation that leads us to
a new interpretation of integrable lattice hierarchies.
In the following theorem we assume all variables, including x, to be continuous. The independent variable y is included
due to our interest in non-isospectral ﬂows. Although the following theorem is known for PDE examples [11], we prefer to
give here a statement and proof simultaneously for both cases (a) and (b). For the latter case it is not only the result stated
here that is new, but also the interpretation we give of lattice hierarchies within the broader context of differential-delay
equations.
Theorem 2.1. Let R[u] be a hereditary recursion operator for the equation
ut0 = K[u], (11)
this being either (a) a PDE, or (b) a lattice equation. Then any two members of the three sequences, respectively of PDEs, or of lattice
and differential-delay equations,
uti = Ri[u]K[u], i = 0,1,2,3, . . . , (12)
uτ j = R j[u]ux, j = 0,1,2,3, . . . , (13)
uθk = Rk[u]uy, k = 0,1,2,3, . . . (14)
commute.
Proof. We recall that in the deﬁnitions of generalized symmetry, recursion operator and hereditary operator, no distinction
is made between the PDE and lattice cases (everything is deﬁned via the Fréchet derivative, either of a function or of an
operator). We also remark (in case (b)) that the operators ∂x and E commute. We then begin by noting that R[u] is a
recursion operator for each of the ﬂows
uτ0 = ux, (15)
uθ0 = uy, (16)
since
Rτ0 [u] =
[
∂x, R[u]
]
and Rθ0 [u] =
[
∂y, R[u]
]
(17)
hold when (15) and (16) are satisﬁed, respectively. It then follows, since R[u] is hereditary, that it is a recursion operator
for any member of (12), (13) or (14).
Now, we already know that all members of the hierarchy (12) commute with each other, this being the standard result
described in (A) above. Thus it remains to show that all members of (13) and (14) commute with each other, and also with
all members of (12). It is enough to show that (15) and (16) commute with any member of the three hierarchies (12), (13)
or (14). However, Eqs. (17) tell us that ∂τ0 − ∂x and ∂θ0 − ∂y commute with R[u], i.e.,
[
∂τ0 − ∂x, R[u]
] = 0 modulo uτ0 = ux, (18)[
∂θ0 − ∂y, R[u]
] = 0 modulo uθ0 = uy (19)
and thus, if we consider the quantity ∂αuβ −∂βuα , where α is either of τ0 or θ0 and z in the following is x or y respectively,
and β is any of t j , τ j , or θ j and L[u] in the following is K[u], ux or uy respectively, we obtain
∂αuβ − ∂βuα = (∂α − ∂z)uβ = (∂α − ∂z)R j[u]L[u] = R j[u](∂α − ∂z)L[u] = 0, since uα = uz.  (20)
Remark 2.2. We include the above calculation as an alternative to simply asserting that v = ux and v = uy are trivial
generalized symmetries of any member of (12), (13) or (14), with the proof being formally the same as that used to show
that v = ux is a trivial generalized symmetry of (1) in case (a) (as stated in Section 1).
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chies of differential-delay equations. If we compare with the continuous case, for example with the case of the Boussinesq
equation, a new but entirely natural interpretation of the usual lattice hierarchies which appear in the literature becomes
apparent. The Boussinesq hierarchy consists of two sequences of equations (we have N = 2 and here set u1 = u and u2 = v),(
u
v
)
ti
= Ri
( −uxx + 2vx
− 13 (2uxxx + 2uux − 3vxx)
)
, i = 0,1,2,3, . . . , (21)
(
u
v
)
τ j
= R j
(
u
v
)
x
, j = 0,1,2,3, . . . , (22)
where [4,5,8]
R = 1
3
( −(∂4x + ∂2x u − 3∂xv + vx)∂−1x (2∂3x + 2u∂x + ux)∂−1x
− 13 [2∂5x + 2(u∂3x + ∂3x u) + (u2 − 3vx)∂x + ∂x(u2 − 3vx)]∂−1x (∂4x + u∂2x + 3v∂x + vx)∂−1x
)
. (23)
The ﬁrst system of the sequence (21) corresponds to the Boussinesq equation itself, ut0t0 + 13 (uxx + 2u2)xx = 0, whereas the
second sequence, which begins with the trivial ﬂow, does not contain this equation. It can therefore be argued that for the
Toda lattice recursion operator [6,9] (again N = 2 and we set u1 = u and u2 = v),
R =
( −un −(vn+1E2 − vn)(E − 1)−1v−1n−vn(1+ E−1) −vn(E − 1)un−1(E − 1)−1v−1n
)
, (24)
the hierarchy (12) is analogous to the sequence (21), whereas the differential-delay hierarchy (13) is analogous to the
sequence (22). The hierarchy (14) corresponds to non-isospectral ﬂows in (2 + 1)-dimensions. Similar remarks hold for the
Volterra lattice recursion operator, see e.g. [9] (N = 1 and setting u1 = u),
R = un
(
1+ E−1)(un − un+1E2)(E − 1)−1u−1n . (25)
Lax pairs for generalized versions of (13) and (14) have been given in [15–18], for examples including the Volterra and
Toda lattices, the motivation being to obtain reductions to differential-delay and discrete Painlevé hierarchies. However, the
interpretation given here of the hierarchies (12), (13) and (14), within the context of generalized symmetries of differential-
delay equations, does not seem to have been considered previously in the literature.
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